
follows f rom (3.1). 

Thus the corresponding s t r e s s  field (2.3) for  an  e lement  r ~ H sat isf ied theequilibrium equations (1.1) 
and the boundary conditions (1.2) in the genera l ized  sense  (3.4). In pa r t i cu la r ,  if ~0 ~ M c H, then Eq. (1.1) 
and the boundary conditions (1.2) a r e  sat isf ied in the usual sense  for the s t r e s s e s  (2.3). 

We note in conclusion that  the r e su l t s  obtained a r e  valid for  file en t i re  region ~ occupied by the m e -  
dium, independently of the dis t r ibut ion of r igid and plast ic  regions.  A proof  of the uniqueness of the s t r e s s  
field only for  those pa r t s  of the body in which the deformat ion r a t e s  a r e  d i f ferent  f rom ze ro  is given in [2]. 
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P R O B L E M  O F  P U R E  S H E A R  O F  A 

V I S C O P L A S T I C  M E D I U M  B E T W E E N  T W O  

N O N C O A X I A L  C I R C U L A R  C Y L I N D E R S  

A.  V .  R e z u n o v  a n d  A.  D. C h e r n y s h o v  IYDC 539.374 

The  problem of the flow of a v iscoplas t ic  m a t e r i a l  between two noncoaxial  c i r cu la r  cyl inders  is d i s -  
cussed.  An approximate  solution is found with the help of the i te ra t ive  method descr ibed  in [1, 2]. Analytic 
methods  of solving s imi la r  p roblems  a re  d i scussed  in [3-4]~ An approximate  solution is found in [6, 7] with 
the use of i t e ra t ive  methods  [8]. 

1. The  problem is solved in a cy l indr ica l  coordinate  sys tem.  The axis  Oz is d i rec ted  para l l e l  to the 
generat ing l ines of the cy l inders ,  the contours  of whose t r a n s v e r s e  c ross  sect ion a re  specif iea by i~he equa-  
t ions R0 = R0 (q) and R1 = R1 (~) .  The outer  cyl inder  is fixed, and the inner one moves  in the positive d i r e c -  
t ion of the axis  Oz with ve loc i ty  v . .  In this case  only one veloci ty  component v z = v( r ,  ~p) is different  f rom 
ze ro .  In the flow under d iscuss ion  the components  of the deformat ion  ra te  t ensor  a re  of the form 

1 Ov I Ov 
e r r = % ~ = e z z = e ~ = O '  e ~ z - - 2  Or' e~=~r#-~"  (1.1) 

We will wr i te  the re la t ion  between the components  of the s t r e s s  tensor  ai j  and the components of the 
deformat ion  ra te  tensor  eij for a v iscoplas t ic  medium with the Miesz plast ic i ty  condition in the form [9] 

~ = ( ~ + 2~t ) e~i - -  Zh6~J, (1.2) 
\ hl  k l  

where  Pl is the hydros ta t ic  p r e s s u r e ,  k is the yield point, and ~ is the v i scos i ty  coefficient.  Substitnting 
(1.1) into (1.2), we obtain 

arr  = (7(ptp = (Yzz = - - P l ,  (Yrr == O, 

k -~- ~ty Ov 
~ = - - T -  Or'  

We wri te  the equi l ibr ium equations 

OP 1 OP l 

Or 6(9 

% :  k q- ~7 ov ] /  av ~ . 
r~ O 9 '  7 =  (1.3) \ r 0r ] " 

0%~ i 0%~ , ~,: @ i  == O. ( 1 . 4 )  
. . . . . .  O, ~ ~ r a~ ' r az 
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135-141, July-August ,  1979. Original a r t i c l e  submit ted May 19, 1978. 
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I t  follows f r o m  (1.4) that  0p l /Oz  = p : const .  Le t  us conver t  to  d imens ion less  quanti t ies.  In o r d e r  to 
do th i s ,  we wil l  r e f e r  the s t r e s s e s  to the yield point k ,  l i nea r  d imensions  to the quantity h = m a x  R0(cp), 
v .  in the p r e s s u r e  p to the quantity k/h .  

Af ter  subst i tu t ion of (1.3) into (1.4) we a r r i v e  a t  the equi l ibr ium equation in d imens ion less  f o r m  

2 

"- v +" i 2vr~- + v~r 
' - ~ -  + + 2 s/o. p = 0 ,  (1.5) 

where  g = # v . / k h ;  vgo = 0v/0go, and v r = 0 v / 0 r .  

The  boundary  condit ions in the p r o b l e m  under  d i scuss ion  a r e  the following: 

vl,.=R0(~) ~ t, vl,=r,(+ ) = O. (1.6) 

2. We will  b r i e f l y  de s c r i be  the e s s e n c e  of the method proposed  in [1, 2] for  obtaining an approx ima te  
solut ion of the boanda ry -va l ne  p rob l em  (1.5) and (1.6). We will  switch in Eq. (1.5) f rom the v a r i a b l e s  r ,  go to 
the new v a r i a b l e s  ~, go with the he lp  of the t r a n s f o r m a t i o n  

r = % ~ -~ f(r, ~p). (2.1) 

We a s s u m e  that  the t r a n s f o r m a t i o n  (2.1) is se lec ted  so that  it is poss ib le  to neglec t  in the new v a r i a b l e s  
de r iva t i ve s  of v with r e s p e c t  to go and mixed  de r iva t i ve s  in c o m p a r i s o n  with the r ema in ing  t e r m s .  Then  we 
obtain for  the quanti ty v a l inea r  o rd ina ry  s e c o n d - o r d e r  d i f fe ren t ia l  equat ion with va r i ab l e  coeff icients  

2 = 2 ~2  

v~i + H ~r~ + + v~ + - /'8/': ~ r ' -r sgn (v~)-- p = 0, (2.2) 
' r 2 ~ 2 2  i 

k 

which go en t e r s  a s  a p a r a m e t e r .  Le t  us a l so  a s s u m e  that  the t r a n s f o r m a t i o n  (2.1) is such that  sgn (v 0 = 1 and 
the boundary  conditions a r e  of the f o r m  

v]~= o = 0, vl~=~ = t. (2.3) 

Having solved the bounda ry -va lue  p rob l em (2.2) and (2.3), we find the f i r s t  app rox ima te  solution v = 
v (1) = ~ ( ~ ,  go). Le t  us subst i tu te  h e r e  the e x p r e s s i o n  for  ~ f r o m  (2.1) 

sO) = :~'(](r, ~), ~) = h(r, q~). (2.4) 

Now denoting v (1) by  ~(1) in (2.4), we solve the p r o b l e m  (2.2) and (2.3) with the r e p l a c e m e n t  of  v a r i -  
ab les  go = ~, and ~(1) = f l ( r  ' go) in o rde r  to find the second i terat ion.  We find the subsequent  i te ra t ions  s i m -  
i la r ly .  

3. We will  apply this method to solve the p rob l em (1.5) and (1.6) in the case  in which p = 0; the con-  
tou r s  of the t r a n s v e r s e  c r o s s  sec t ion  of the cy l inders  a r e  specif ied in the f o r m  

B0(q~ ) = i ,  Bt(~) = --~ cos (~0) + ] /R ~ -  g~ sin2(~0), (3.1) 

where  e is  the d is tance  be t ween  the axes  of the cy l inders  and R is the d imens ion less  rad ius  of  the outer  
cyl inder .  The  null  approx imat ion  was  taken to be  

r -  "~ "~ - -  "~ + H (-~o ) ~o 
= ~ + I .  Hln (R1)  In " ~ 0  (3.2) 

Equation (3.2) co r re sponds  to the exac t  solution for  R 1 = const  and R 0 = const.  In the ca se  (3.1) v ( r ,  
go) is  an  even  ftmction of go. 

T h e r e f o r e ,  i t  is suff ic ient  to find a solution in the rec tang le  D = (0 <__ ~ <_ 1, 0 _ go _ u). 

The  solut ion in the i - th  approx imat ion  was  found in tabular  f o r m  

v(o = {v~O,j O<~k<~No,  O ~ ] < ~ N ~ }  (3.3) 

a t  the nodes of a gr id  r = r • o:go = {( ~k, goi), ~k = kh0, 0 ~ k _ No, goi = ihl, 0 _< i ~ N1}, hi = ~ /Nt ,  h0 = 
l /N0,  by  solving the p rob lem (2.2) and (2.3) with fixed goi o n t h e  ba s i s  of a p rocedu re  of reducing  it to two 
Cauchy p r o b l e m s  [10]. 
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For  fixed goi the data of the tables  (3.3) w e re  conver ted  with the help of interpolat ion to the values of 
the table 

~o = {~,j, O ~ k ~ N o ,  0 ~ ] ~ . u  (3.4) 

defined at  the nodes of the grid ~ = ~t 0 x ~go {(v~ i), gol) .(i) = , v  k = kl%,0 _ k_< N0, gol = /h i ,  O < _ l _  N1}, 
where  ~2 0 = { v~ i) = kho, k = 0, 1 , . . . ,  No, h0 1/t%}. In o rde r  to  obtain the subsequent  approximations it is 

n e c e s s a r y  to d i f ferent ia te  the solution obtained at the preceding step of the i te ra t ive  p rocess .  To this end, 
the solution in the form of the table (3.4) was repLaced by  a solution in the form 

M 
t ~ = ~ aj, (v (i)) cos (kT), M ~. N1. (3.5) 

h=0 

In o rde r  to find the coefficients  a k ( v  (i)) ,  the  values of the table (3.4) w e re  smoothed by t r igonomet r ic  
polynomials  according to the method of l eas t  squares  with r e s p e c t  to the var iab le  go with fixed vaitms of v (~) 
at  the nodes of the grid ~0. In this connection a table of values was obtained at  the nodes of this grid for each 
ak,  f rom which an interpolat ive polynomial  is constructed.  

The mos t  s table convergence  is observed  if one success ive ly  assigns the values 1, 2 , . . .  to M and 
achieves  convergence  of the i te ra t ive  p roces s  for each specif ied M. The applicat ion at  the nodes of the grid 
~2 of the A i tken -S te f f ensen  t r ans fo rma t ion  (S2-transformation) often gives a Large effect  [11]. 

The prob lem of finding values of H , ,  where  H .  is the c r i t i ca l  value for H cor responding  to the onset  
of the or igin  of a stagnation zone, depending on the value of the quantity e, was also posed in the r e s ea r ch .  
When H = H ,  at the stagnation point of the stagnation zone X ,  = {r  = R + e, go = ~}, we have V2r + v 2 j r  2 = 
0, and v r < 0 at  al l  the r e s t  of the points of the flow [9]. These  conditions should be  sat isf ied for the approx-  
imate  solution, i .e . ,  Vr(b(X,) = 0. Then tl~e Jacobian of the t r ans fo rmat ion  (2.1) vanishes  a t  the point X , ,  
and Eq. (2.2) has a singulari ty.  Due to this  fact  some changes a r e  introduced into the solution procedure .  In 
the prob lem (2.2) and (2.3) we make a r ep l acemen t  of var iab les  which is the inverse  of the r ep lacemen t  (2.1), 
go = go, r = f-~ ( ~, r ) ,  and we obtain the following boundary-value  problem: 

. . . .  r 2 ' r . . . .  �9 --  2Lg~g,. ~ + ~r  + 2~ , .@ + ~ 
v~,.-+ ----%~- ~ -- ~'~ Vr ' ~ \~/~_ ~ -- O, (3.6) 

\ g r '  r 2 Hr2 ~ ' r2•162 

This  problem is equivalent  to the problem (2.2) and (2.3). We solve it at  all  the nodes of the grid c0go 
with the exception of the node go = n. The di f ferent ia l  equation of the problem (3.6) has the form 

v, _+...~t { ~  ) I ( ~  _. ) (3.7) 

at  go = 7r. 

Eq. (1.5) has  the form 

, - - r k ~ + ~  = o .  

at  go = ~ .  L e t  us  a s s u m e  that  t h i s  e q u a t i o n  i s  t r u e  for  t h e  a p p r o x i m a t e  s o l u t i o n  

, _ - o .  
r ~ --  -- -7- \r~ r - 

T a k i n g  accoun t  o f  the  Lat ter  equat ion ,  we t r a n s f o r m  Eq. (3.7) and so lve  the p r o b l e m  

v . "  g Lr + 7 + - 7 )  v, -- Lr r 

v l r=~  = t ,  v l , = R + ,  = O. 

at  r = ~ instead of the problem (3 .6 ) .  

In this case  we use for smoothing the r ep resen ta t ion  of the approximate  solution 
M 

v(~) (r, r = ~o (r, (~) + ~ aa (t) cos (k~), 
h~0 

(3.8) 

{ 3 . 9 )  
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where  t = [ r - R0 (~0) ]/[R1 (~v) - R0 ( ~0)], which we find in advance in the form of a table a t  the nodes of a 
uniform grid fil = {(tk,  (~ tk = kh0, 0 <_ k ___ No, r  = ihl, 0 < i <__ N1}. The calculations according  to the 
scheme (3.6), (3.8), and (3.9) a r e  m o r e  intuitive but  less  stable than in the case  d iscussed ear l ie r .  The p rob-  
le.m (3.8) does not have a s ingular i ty  at  H = H , .  

We will find the value of H ,  in the following way. We se lec t  some H0 such that H0 > H , ,  i.e.,  for H = 
H0, }r  < 0 everywhere  in the flow region. We find an approximate  solution of the problem v ( r ,  ~0) for H = 
H0, and using the represen ta t ion  (3.9), we se t  

= o. ( 3 . i o )  

We find H1 f rom (3.10) and seek the solution of the problem at  H = H~. In this connection the solution 
obtained for H = H0 is taken as the ze ro th  approximation,  and thus we proceed to the next i terat iom 

4. For  compar i son  the problem (1.5) and (1.6) is a lso solved by the s m a l l - p a r a m e t e r  method. We take 
the quantity e as the smal l  pa r ame te r  and seek the solution in the form 

v =  vo(r, cp) -~- evl(r, (p) -k . . . .  (4.1) 

All the quantities which enter  into (1.5) and (1.6) a re  expanded in this pa ramete r  into a power se r i es ,  and we 
group the t e r m s  by identical powers  of e. The boundary conditions (1.6) give the following conditions for the 
functions v 0 and vl; 

v~ (l, ~) = l, / v~ (1, r = o, 
OV 0 vo(R, q~) = ot v , (n ,  q ~ ) = ~ ( n ,  ~)eos(~) 

Solving the corresponding boundary-value  problems for ord inary  differential  equations, we obtain to an 
accu racy  of a in the f i r s t  o rder  

~- 1 -- 11 t I ~ ~-e clrF 1, 1, 3, -k c,. ~- cos ((p), (4.2) 

E I: : 1f - -  ~ F (1., t, o", ,r) = = I 'r-' 2 k.~i x~ h, I; (k ~- 1)(/r I- 2) ' 

(E --  I) (E - -  it) i 

c t  (I._]t),..(t.I, 3 ,1)_kt~(IS_i)F(I , I ,  3 ,~ )  H--' 

(it--E)F(i,l, 3, /~) t 
 L-l, t (,, ,, ,,3, 

Eq. (4.2) gives an approximate  solution of the original  problem. The condition for the development of a 
s tagnat ion zone Vr (X,)  = 0 leads to an equation for the determinat ion of r I ,  

( ( ) ( R - - E  E ~ e~/~ F' 1 , 1 , 3 ,  -k = /12] 0, tt1r -4-e ~ - - c ~ F  t , l ,  3 , - f f  E 

where  

F'(I ,  1, 3, x) := dF(t, '1, 3, x)/dx. 

Some of the resu l t s  obtained with R = 2, M = 2-3,  N O = 8, N1 = 12, and h2 = 1/64 a re  given in Tables  
1-3.  The calculat ions in Tables  1 and 2 were  ca r r i ed  out for I-I = 10; v0 and vl a re  the t e r m s  of the expan-  
sion in Eq. (4.1); v a) is the solution cor responding  to a single i terat ion without subsequent smoothing; and v 
is the l imiting value of the solution. The quantities H ~ and H~ in Table 3 a r e  found by the smal l  pa ramete r  
method with one and two t e r m s  in the expansion (4.1), respect ively .  With e = 0.1 we take (3.2) as  the zero th  
approximation.  Then sett ing M success ive ly  equal to 1 and 2 in (3.5), we make the 52 t ransformat ion  one at 
a t ime. We take the solution obtained as the zeroth  approximation for ~ = 0.3, and we per fo rm a single 62 
t r ans fo rmat ion  for M = 2, 3. Setting M = 2 in the solution found, we take it as  the zeroth  approximation for 
e = 0.5 and again pe r fo rm a single 52 t ransformat ion  for M = 2, 3. We s imi la r ly  obtain a solution for ~ = 
0.7 and s = 1. Since it is neces sa ry  to pe r fo rm two simple i terat ions in order  to accomplish  the 52 t r a n s -  
formation,  it is sufficient for obtaining the resu l t s  given in Tables  1 and 2 according  to the procedure  ex-  
pounded above to mak~ four simple i terat ions for each e. 
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TABLE 1 

0 ~5 90 135 

~b l 0,45534 
'h 0,42039 
tO) 0,41620 
v 0,41608 

0,44i47 
0,41609 
0,41332 
0,41323 

0,40774 
0,40774 
0,40641 
0,4064i 

0,37369 
0,40241 
0,39959 
0,39968 

180 

0,35950 
0,40113 
0,39680 
0,39692 

T A B L E  2 

0,3 I t,~ 

0,5 
)7 
i 

0,4748 
0,43495 
0,4536 
0;4722 

45 

0,453t 
0,426i5 
0,4385 
0,4504 
0,467 

90 

0,4t74 
0,40535 
0,403i 
0,3996 
0,391 

[35 

0.38536 
0.37n 1 
0.3537 
~L326 

t80 

0,4t45 
0,37738 
0,3574 
0,3369 
0,305 

TABLE 3 

e 0 , t  0,3 0,5 o.7 t 

0,863 1,140 1,69 ][, 
H~ 

H.~ 

0,461 
0,386 

0,472 

0,640 
0,386 

0,777 

The example considered shows that the iterative method proposed in [1, 2] proves to be sufficiently ef- 
fective for the solution of the problems of the antiplanar strain of a viscoplastie medium under conditions of 
pure shear for different values of the parameters which enter in.to the problem. 
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